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A kind of doubly speial relativity theory proposed by J. Magueijo and L. Smolin [Phys. Rev.
Lett. 88, 190403 (2002)℄ is analysed. It is shown that this theory leads to serious physial diulties
in interpretation of kinematial quantities. Moreover, it is argued that statistial mehanis and
thermodynamis annot be resonably formulate within the model proposed in the mentioned paper.
PACS numbers: 03.30.+p, 05.20.-y, 05.70.-a
Reently J. Magueijo and L. Smolin [1℄ have proposed
a modiation of speial relativity with intrinsially built
in Plank length. Their onstrution is based on a non-
linear form of the Lorentz group ation in the momentum
spae. This is related to a speial hoie of the Lie al-
gebra of the Lorentz group in the enveloping algebra of
the nilpotent Lie algebra generated by ∂/∂pµ, pµ and I.
Aordingly to [1℄ the Lorentz boosts in the x-diretion
read
p′
0
=
p0 cosh ξ + p1 sinh ξ
1 + lp0(cosh ξ − 1) + lp1 sinh ξ
, (1a)
p′
1
=
p1 cosh ξ + p0 sinh ξ
1 + lp0(cosh ξ − 1) + lp1 sinh ξ
, (1b)
p′
2
=
p2
1 + lp0(cosh ξ − 1) + lp1 sinh ξ
, (1)
p′
3
=
p3
1 + lp0(cosh ξ − 1) + lp1 sinh ξ
, (1d)
where l is interpreted as the Plank length lP . The
above transformations together with rotations lose to
the Lorentz group and leave unhanged the following in-
variant built from the partile four-momentum pµ:
m2c2 =
ηµνpµpν
(1− lp0)2
, (2)
when c, as usually, denotes the speed of light.
The sheme proposed in [1℄ belongs to the lass of re-
ently investigated models known as doubly speial rel-
ativity [1, 2, 3, 4, 5, 6, 7, 8℄. In this paper we analyze
this sheme in details and we show that it is plagued by
physially unaeptable features.
To present our disussion as simply as possible, in the
following we restrit ourselves to the two-dimensional
ase. We will denote the energy and momentum as cp0
and p, respetively. Furthermore, to separate the di-
mensional and sale parameters of the model we use the
quantity λ/mP c instead of l, where λ is dimensionless
and mP =
√
h¯c/GN is the Plank mass. It is enough
to onsider positive values of λ. Therefore the Lorentz
transformations (1) take the form
p′
0
=
p0 cosh ξ + p sinh ξ
1 + λ
mP c
p0(cosh ξ − 1) +
λ
mP c
p sinh ξ
, (3a)
p′ =
p0 sinh ξ + p cosh ξ
1 + λ
mP c
p0(cosh ξ − 1) +
λ
mP c
p sinh ξ
, (3b)
while the invariant (2) reads
p2
0
− p2(
1− λ
mP c
p0
)2 = m2c2. (4)
Let us onsider rstly the possible solutions of (4).
It follows that we have singularity at p0 = mP c/λ, so
possible range of p0 is restrited to the two distint areas:
p0 < mP c/λ or p0 > mP c/λ.
Now, for p0 6= mP c/λ Eq. (4) determines algebrai
onis; namely
hyperbola, when m < mP /λ, (5a)
parabola, when m = mP /λ, (5b)
ellipse, when m > mP /λ, (5)
the pair of half-lines, when m = 0. (5d)
Under physial ondition that for the free motion the
energy cp0 is bounded from below we obtain four possible
situations showed in the Fig. 1. The line p0 = mP c/λ
divides eah urve into distint parts: upper and lower
ones. The momentum manifold must be an orbit of the
Lorentz group realized as in (3). We an easily prove that
this is possible only for the lower parts of onis showed
in the Fig. 1(a,b,d); on the upper parts of these onis the
Lorentz group annot be globally realized. Moreover, the
upper part of the urve showed in the Fig. 1(), despite of
the fat that it forms an orbit of the Lorentz group, is also
unphysial beause the energy of the partile reahes the
maximum when its momentum vanishes. Furthermore, if
we restrits ourselves to these physially aeptable parts,
denoted in the Fig. 1 by the solid lines, we an linearize
the transformations (3) by the following map [6℄
kµ =
pµ
1− λ
mP c
p0
, (6)
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FIG. 1: Possible positive solutions of the dispersion relation (4) for: (a) m < mP /λ, (b) m = mP /λ, () m > mP /λ, (d) m = 0;
µ = m/(1 + λm/mP ) is the mass of the partile (i.e. the minimum of the energy). The momentum p and energy cp0 are
bounded: −mP c/λ < p < mpc/λ, µc ≤ p0 < mP c/λ
where the momentum omponents kµ form the usual
Minkowski vetor. Note, that the Jaobian determinant
of this transformation vanishes only for p0 = mP c/λ.
under the ation of the Lorentz group kµ's transform lin-
early
k′
0
= k0 cosh ξ + k sinh ξ, (7a)
k′ = k cosh ξ + k0 sinh ξ, (7b)
and leaves the invariant k2
0
−k2 = m2c2 unhanged. Note,
that the minima of p0 and k0 (i.e. the masses) are related
by µ = m/(1 + λm/mP ).
Conluding the above disussion: The nonlinear trans-
formation law (3) is a onsequene of the hoie of a
nonlinear oordinate system in the momentum spae and
it is not essentially nonlinear realization of the Lorentz
group [13℄, beause it an be linearized by the appropri-
ate hoie of oordinates (6).
The question if the momentum oordinates p0 and p
are physially admissible is open. In partiular we do not
have the notion of the inertial frame (observer) dened
operationally. Therefore, up to now, we annot properly
answer this question (in ontrast to the statement in e.g.
[1, 9℄). However, if we agree that anonial formalism an
be used in suh a simple kinematial problem (i.e. the free
motion), we an try to partially answer this question.
Aording to [1, 9℄ let us identify the energy with the
generator of translation in time (Hamiltonian), i.e. H =
cp0, while p with the anonial momentum. Therefore
the partile veloity v an be alulated from one of the
Hamilton equations
v =
∂H
∂p
=
pc
p0
(
1− λ
2m2
m2
P
)
+ λ
2m2c
mP
. (8)
Now, with help of (3), (4) and (8) we are able to nd
the transformation law for the partile veloity under the
ation of the Lorentz group
v′ =
c
[
v
c
(
cosh ξ + v
c
sinh ξ
)
+ mP
λm
√
1− v
2
c2
(
1− λ
2m2
m2
P
) (
v
c
cosh ξ + sinh ξ
)]
1− v
2
c2
+ v
c
(
v
c
cosh ξ + sinh ξ
)
+ mP
λm
√
1− v
2
c2
(
1− λ
2m2
m2
P
) (
cosh ξ + v
c
sinh ξ
) . (9)
The transformation law (9) goes to the standard Lorentz
transformation law for veloities when λ → 0 or when
m = 0 (µ = 0) and v = c. However, for λ 6= 0 and
m 6= 0 it depends on the partile mass µ (reall that
m = µ/(1 − λµ/mP )). Suh a situation is obviously in
onit with our physial spae-time intuition: Indeed,
let us imagine two bodies A and B with mass mA and
mB, respetively, moving in an inertial frame with the
same veloity v (for simpliity one an assume v = 0).
From the point of view of Lorentz boosted observer (i.e.
from another inertial frame), if mA 6= mB and λ 6= 0,
these two bodies have dierent veloities ! This is very
undesirable feature from the physial point of view.
To understand better this issue let us look for the re-
lationship of v and the Lorentz veloity (i.e. the veloity
whih appears in the usual, linear, Lorentz transforma-
3tions) vL = ck/k0. By means of (6) and (8) we get that
v =
vL
1 + λm
mP
√
1−
v2
L
c2
. (10)
The veloity vL has the proper physial interpretation as
the veloity anonially related to k, i.e. vL = ∂k0/∂k =
k/k0. For the other hand it is dened as vL = dx/dt,
where t and x are usual Minkowskian time and oordi-
nate. However, vL annot be anonially related to the
momentum p. Notie that vL = k/k0 = p/p0 and it has
the standard transformation law.
Conluding, we have serious problems with the veloity
transformation law and with the denition of the inertial
observers within the model presented in [1℄.
The next diulty ours when we try to formulate
statistial mehanis and thermodynamis within the
framework of theory proposed by Magueijo and Smolin
[1℄. Let us return to the three-dimensional ase. It is
easy to see that the invariant measure in the momentum
spae is given by the following formula
dΓ =
(
1− λ
2m2
m2
P
)3
d3p
2
[
1− λ
mP c
√
m2c2 + |~p|2
(
1− λ
2m2
m2
P
)]3√
m2c2 + |~p|2
(
1− λ
2m2
m2
P
) , (11)
(this holds also for the ase m = µ = 0) and, sine the
momentum spae is bounded (see Fig. 1), the one-partile
partition funtion is
Z1 = V
∫∫∫ mP c
λ
−
mP c
λ
dΓ e−βE. (12)
But the measure (11) is singular at |~p| → mP c/λ and the
energy approahes the limit mP c
2/λ when |~p| → mP c/λ,
so the integral (12) is divergent. Consequently the par-
tition funtion does not exist in the onsidered ase, as
well as the internal energy and the entropy. The same
holds in arbitrary N -partile ase.
If we take non-relativisti measure in the momentum
spae d3p instead of dΓ, the integral (12) beomes on-
vergent, but on the other hand the energy of the free gas
of N idential partiles (either massive or massless) is
equal to [9℄
E = mP c
2
∑N
i=1
Ei
mP c2−λEi
1 +
∑N
i=1
λEi
mP c2−λEi
(13)
and
E ≈
mP c
2
λ
(14)
for large N [14℄. The partition funtion Z of the N -
partile free gas is then of the form
Z ≈ e−β
mP c
2
λ
[
8
(mP c
λ
)3
V
]N
(15)
and, onsequently, we ome at the urious onjeture that
the internal energy in the thermodynamial limit (i.e. for
N →∞)
U = −
∂ lnZ
∂β
=
mP c
2
λ
(16)
does not depend on temperature!
Conluding this point of the disussion we have to state
that statistial mehanis and/or thermodynamis do not
exist within the model presented in [1℄.
We would like to point out that the non-additivity of
energy seems to be a ommon feature of doubly speial
relativity theories (see [9℄). Therefore, the question of
the possiblity of formulation of statistial mehanis or
thermodynamis in suh theories is still open [15℄.
We an onlude that the model proposed by Magueijo
and Smolin [1℄ enounters some serious diulties dis-
ussed above. First of all, they are interpretational prob-
lems of spae-time quantities: oordinates, veloities, et.
Moreover, it seems to be impossible to formulate reson-
ably statistial mehanis and thermodynamis within
this framework.
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